Abstract. Let Γ ⊂ PU(2, 1) be a lattice which is not co-compact, of finite Bergman-covolume and acting freely on the open unit ball B ⊂ C 2 . Then the compactification X = Γ \ B is a projective smooth surface with an elliptic compactification divisor D = X \ (Γ \ B). In this short note we discover a new class of unramified ball-quotients X. We consider ball-quotients X with kod(X) = h 1 (X, O X ) = 1. We prove that each minimal surfaces with finite Mordell-Weil group in the class described is up to anétale base change the pull-back of the elliptic modular surface which parametrizes triples (E, x, y) of elliptic curves E with 6-torsion points x, y ∈ E[6] such that Zx + Zy = E[6].
Introduction
Let the symbol T denote the class of complex projective smooth surfaces X which contain pairwise disjoint elliptic curves D 1 , ..., D hX such that U = X \ D i admits the open unit ball B ⊂ C 2 as universal holomorphic covering; as explained in [7] , T forms the 'generic' class of compactified ball-quotient surfaces. There are several motivations to study surfaces in T without assuming that π 1 (U, * ) with its Poincaré action on B is an arithmetic lattice of PU(2, 1); we refer to [1] or to the introduction of [7] . Since the discovery of blown-up abelian surfaces in T by Hirzebruch and Holzapfel some years ago (cf. [2] ) there have been no further examples of surfaces of special type in T . In this short note we present a new class of modular surfaces X ∈ T with kod(X) = 1.
In what follows we only consider complex projective smooth surfaces. Recall that a minimal elliptic surface π : X −→ C with finite Mordell-Weil group M W (X) of sections is called extremal if rank N S(X) = h 1,1 (X). Particular examples arise in the following way. To each pair of positive integers
there exists a modular elliptic surface over Q in the sense of Shioda [10] π n (m) :
such that π n (m) admits no multiple fibers and has a non-constant j-invariant. By [10] , X n (m) is an extremal elliptic surface with the following properties.
•
• C n (m) parametrizes triples (E, e E ), x, y of elliptic curves E with neutral element e E ∈ E(C) and elements x ∈ E[m], y ∈ E[n] such that |Zx + Zy| = mn.
• All singular fibers of π n (M ) are of type I k in Kodaira's notation; they lie over the cusps of c ∈ C n (m). A representant of c in Q ∪ {∞} is stabilized by a matrix γ ∈ Γ which is a Sl 2 (Z)-conjugate of
The points x and y arise from to the intersection of E with generators of M W (X n (m)). More generally, by [8, Thm. 1.2, Thm. 1.3] each extremal elliptic surface π : X −→ C with non-constant j-invariant, no multiple fibers and M W (X) = Z/mZ × Z/nZ, (m, n) as above, allows a cartesian diagram of isogenies
With this perspective we are able to formulate our main result. We call a complex projective smooth surface
Theorem 1.1. Let X be an irregular minimal surface in T with kod(X) = 1 and finite Mordell-Weil group. Then after anétale base change X becomes an extremal elliptic surface fibered over an elliptic curve C such that the following assertions hold.
(1) There is a cartesian diagram over Q
The compactification divisor D of X consists of 36 sections of π, each having self-intersection number −χ(X). The fibration π admits 2χ(X) singular fibers of type I 6 , and each component of an I 6 intersects D in precisely 6 points. We have rank N S(X) = 10χ(X) + 2. Conversely, X 6 (6) is an extremal elliptic and irregular surface in T .
The diagram in the first statetement is induced by the j-invariant.
Some basic properties of surfaces in T
We cite two results on ball-quotient surfaces which will be needed for the proof of the theorem. The first result is essentially [9, Thm. 3.1] specified to dim X = 2 with attention to sign conventions, except the assertion on semi-stability. The latter assertion follows from [5] . A reduced effective divisor is called semi-stable if it has normal crossings and if every rational smooth prime component intersects the remaining components in more than one point. Theorem 2.1 (Tian-Yau/Miyaoka-Sakai). Let X be a smooth projective surface and D ⊂ X a divisor with normal crossings. Suppose that K X + D is big and ample modulo D. Then
There is a canonical exact sequence
where res is the Poincaré residue map. With this one proves that c 1 (
It is interesting to note that if equality holds in the theorem, then D is smooth. Namely, if Γ ′ ⊂ Γ is a neat normal subgroup with finite index in Γ, then Γ ′ \ B is compactified by a smooth elliptic divisor, and Γ \ B is compactified by a divisor 
Proof of the results
General theory asserts that X admits an elliptic fibration π : X −→ C which is the Albanese morphism. As K X + D is ample modulo D, it follows that a general fiber F has positive self-intersection with D. Thus, a component of D dominates C. Hence, C is an elliptic curve and h 1 (X, O X ) = 1. Moreover, after transition to an etale coverC of C and performing a base change, we can achieve that every D i is a section, as soon as it dominates C ([7, Lemma 3.3]). We will assume this from now on. Since the curves D i are pair-wise disjoint, they must be all sections. Proof. The canonical bundle-formula implies that K X = π * (c) with a divisor Weil divisor c ∈ Div(C). Moreover, h 0 (X, mK X ) = h 0 (C, mc). The theorem of Riemann-Roch yields h 0 (X, K X ) = deg c > 0. Adjunction formula implies that
. Furthermore, 12χ(X) = c 2 (X) by Noether's formula. So, Thm. 2.1 yields the remaining identities.
We consider the Mordell-Weil group M W (X) = M W tor (X). It follows that |M W tor (X)| ≥ 36. We prove the following lemma of general interest. Lemma 3.2. Let π : X −→ C be a minimal elliptic surface over an elliptic curve C and assume that kod(X) ≥ 1 and that each rational curve L ⊂ X meets at least three sections of π. Suppose moreover that D = M W tor (X) ≥ 33. Then all singular fibers of π are semi-stable of type I 6 , X has 2χ(X) singular fibres and M W (X) = M W tor (X) = Z/6Z × Z/6Z and the rank of the Neron severi group N S(X) equals h 1,1 (X) = 10χ(X) + 2.
Proof. The assertion concerning M W (X) follows directly from [4, (4.8) 
Hence, always |H n | = 6. Let S ∈ M W (X) be the neutral element. By the proof of [4, Lemma 2.2], H n consists of precisely those sections meeting the prime component L ⊂ I n which contains S ∩ I n . However, since we may take any section to be the neutral element of M W (X), for each component L ⊂ I n we have LD = 6. As DI n = 36, we get n = 6. Finally, recalling that In n = c 2 (X), we find for the number t of singular fibers: t = 2χ(X) = 2g(C) − 2 + rank M W (X) + 2χ(X).
According to [4, Prop. 1.6] this equality holds if and only if rank N S(X) = h 1,1 (X). An easy calculation shows now that h 1,1 (X) = 10χ(X) + 2.
It follows that X is isomorphic to a pull-back X 6 (6) × C6(6) C. 
